On bound states of multiple t-quarks due to Higgs exchange 
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Froggatt, Nielsen et al [l|] suggested that the Higgs boson exchange between top quarks produces 
enough attraction to generate their multiple bound states. Furthermore they claimed that the system 
of 6 top and 6 anti-top quarks is bound so strongly that the binding energy nearly compensates the 
masses of t-quarks, making it very light. We calculated the energy of such states more accurately, 
variationally and by self-consistent mean field approximation, and found that these state are weakly 
bound for massless Higgs boson and unbound with the account for its mass. 



PACS numbers: 14.65.Ha, 14.80.Bn, 12.39.Hg 

Froggatt, Nielsen et al (see all refs [l|) suggested in- 
teresting possibility that the Standard Model Higgs bo- 
son coupling to top quarks is large enough to generate a 
whole spectroscopy of new bound states. Furthermore, 
they thought that for large enough number of quarks this 
binding can be strong enough to stabilize top quarks, as 
bound neutrons are stabilized in nuclei. 

The particular state discussed in [1[ is for the number 
of quarks N — 12, 6 t-quarks and 6 anti-t-quarks, with all 
spin and color values, which all occupy the same lowest Is 
orbital. In a simple approximation used in [l[ the binding 
energy for this state is so large that the total mass of this 
T-ball turns to be zero, inside claimed accuracy. The 
authors of [1] made proposals of how to find such states 
at Tevatron and LHC. One can even consider dark matter 
made from T-balls. 

In the Standard Model the interaction of t-quarks with 
the Higgs boson is proportional to the large mass of the 
t-quark, m t = 172.6 GeV, with a coupling g t ~ 0.989 ± 
0.008 [l(. Therefore the effective Coulomb coupling is 
about as strong as a s at such scale, with the additional 
advantage that quarks and antiquarks of any color are 
equally attracted by the Higgs exchange. Thus binding 
should grow with the number of quarks. 

The calculations of 1] provided only a rough estimate 
for the binding energy, which was based on analogy with 
Bohr energies of the Hydrogen atom. However, an atom 
has an attractive Coulomb center, while for multi-top 
bound states considered the charge is smeared out over 
the volume of the multi-top. The more accurate calcu- 
lations of the present work show that this makes huge 
difference for 12 t-quarks, which is not deeply bound at 
all, but rather unbound, if realistic limits on the Higgs 
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mass is used. 

We use first the variational approach, which is sim- 
ple and analytic, and then a self-consistent mean-field 
approach. The many-body and recoil corrections are ex- 
pected to be small, ~ 1/N, where AT = 12 is the num- 
ber of t-quarks, making accuracy of our binding energy 
~ 10%. For weak coupling the non-relativistic approx- 
imation is certainly valid. The interaction between t- 
quarks due to Higgs boson exchange may be described 
by the following Hamiltonian (h= c = 1): 



N 



N 



rib I) 



Ki<k 



where V(r) is 



V(r) = — exp (—ma r) 

r 



(1) 



(2) 



Here mn is the Higgs mass, and the coefficient an is in- 
troduced to account for the strength of the Higgs boson 
exchange. The t-channcl exchange in the t-quark scatter- 
ing, following [l[ , leads to the effective Coulomb coupling 
qh = g1/(8n). It is stated in [l[ that the inclusion of s- 
and u- channels makes the effective interaction between 
t-quarks twice as strong |2j. In line with this assessment 
let us presume that 



g 2 t /(4ir) « 1/(4tt) 



(3) 



where the mentioned value g t ~ 0.989 was employed. 

The variational approach assumes that the wave func- 
tion of the multi-top system incorporates a product of 
the N orbitals ip(r) for N t-quarks. In order to describe 
our idea it suffices to take ip(r) cx exp (— q r), where q is a 
variational parameter (self-consistent calculations, which 
allow one to find ip(r) more accurately, are mentioned be- 
low). Then from Eq.JT]) we find the variational boundary 
for the multi-top energy 
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N(N-l)anqf(y) , 
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where f(y) = (1 + Ay/5 + y 2 /5)/(l + y)\ y = m H /{2q). 
The estimates of [1| neglect Higgs mass, so m H = 0. Due 
to this reason, let us also start with this case, when we 
have y = 0, /(0) = 1. The minimum of (H) is achieved 
for q = (5/16)(N — l)mtan reading 



(H) = —kN(N ■ 



l) 2 an m t 



(5) 



The found binding energy grows with N as ~ iV 3 , in line 
with the main idea of However, we find that the coef- 
ficient in Eq.© k = 25/512 ~ 0.049 is ~ 5 times smaller 
than the coefficient 1 /4 of the Hydrogen-atom model used 
in Qualitatively, a quark inside is influenced by an 
effective attractive charge that is smaller than the charge 
in the Hydrogen-type model. 

We now proceed to the mean field approach describing 
it by the self-consistent Hartree-Fock equations, which 
determine more accurately the probing single-particle 
wave function ip(r). Using this approach one finds from 
Eq.© 




FIG. 1: The radial single-particle wave function <j>{r) = 
rip(r) versus the distance r from the multi-top center for 
mH = 0. Thick line - solution of the self-consistent Hartree- 
Fock Eqs,([9)), (|10[) , thin line - a variational solution 0(r) oc 
rexp(— qr)) used in Eq.(j4|, broken line - Is function in the 
Hydrogen-like model, all in units of ao = h/[(N — l)m t cai{]. 



(H) = NK + - N(N — 1)U , 



(6) 



where K and U describe the kinetic and potential ener- 
gies 

K = ^-J\X7^(r)\ 2 d 3 r , (7) 
U = ( V{\r-v'\)ip 2 {r)i) 2 {r')d 5 rd 5 r' . (8) 



By variation of the function ip(r) m Eq.© one obtains 
the self-consistent equation on the single-particle wave 
function ip(r) and the corresponding single-particle en- 
ergy E 

W{r) = (-^ + (N- l)W(r)\ i>{r) , (9) 



W(r) 



V(\r-r'\)ip 2 (r')d 3 r' 



(10) 



Solving Eqs.((9l).(fT0| one then recovers the total energy 
of the system from Eqs.©,© and ©. 

The results of our calculations for the case of ran = 
are shown in Fig.l, which presents the radial functions 
4>{r) — rij)(f) with normalization <ft 2 (r)dr = 1. The 
figure clearly illustrates the fact that wave functions de- 
rived in this work deviate strongly from the Hydrogen- 
type model, compare the two solid lines with the broken 
one that represents the Hydrogen model. The distance 
in Fig. [T]is measured in units of ao = l/[ (N — l)m t aH], 
which represents an effective Bohr radius in the prob- 
lem. For N = 12 and at from Eq.© this effective 
radius is close to the Compton radius of the t-quark, 
a ~ 1.14/m t . 

These calculations confirm that the total energy of 
the multi-top is indeed described by Eq.©, in which 
the coefficient k is small, k = 0.05426 (within 10 % 
agrees with the previously obtained variational value 



k = 25/512 ~ 0.049). Note that k is a number, which 
does not depend on any parameters of the problem: so 
regardless of the value of an in Eq.© or other details, 
we conclude that the binding energy of the multi-top is 
smaller, by a factor of 4.6, than the binding energy in 
the Hydrogen-type model. The larger radius of the wave 
function shown in FigfT] provides another illustration for 
this statement. The maximum of the wave function that 
comes out of the self-consistent calculation is located at 
''max = 3.38ao, which for N — 12 equals r max = 3.86/m t . 
Thus, even neglecting the Higgs mass, the binding energy 
of the multi-top represents only ~ 4% of the sum of TV 
t-quark masses. The size of the multi-top is substantially 
larger than the Compton radius of the t-quark. 

The large size of such bound state makes it necessary to 
take into account that the interaction in Eq.|l| has a fi- 
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FIG. 2: The total energy {H) of the multi-top versus the 
mass of the Higgs boson ran, energy is measured in units of 
Eq = N(N — l) 2 q h rati? (compare Eq,(f5jl). mass of the Higgs 
boson is represented by [in = mucao/h. Thick line - solution 
of the Hartree-Fock equations, thin line - a variational solution 
tp(r) oc exp(— qr). 
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nite range 1/mn- We found - both from Eq.Q and from 
the Hartree-Fock Eqs.(j9"|), (flTj)) - that the bound state of 
the multi-top disappears if toh is sufficiently large. Fig- 
ure [5] illustrates the rise of the total energy with increase 
of the Higgs boson mass (in the Coulomb units used in 
Fig|2]the dependence on the number of the t-quarks does 
not manifests itself). The found from this data critical 
value of the Higgs mass, which makes the bound state im- 
possible, proves small compared to existing experimental 
lower limits. For N — 12 t-quarks this state disappears 
when win > 0.157mt — 27 Gev, if the variational Eq.Q 
is used. Calculations based on the mean field approach 
of Eqs.©,([lO]) give a close result m H > 0.168 m t ~ 29 
Gev. 

We conclude that to make the multi-top with N = 12 
t-quarks bound one needs toh < 29 GeV, which con- 
tradicts available experimental lower limits for the Higgs 
boson mass. This means that the bound state of the 
multi-top cannot exist for 2 < N < 12 t-quarks due to 
the short-range character and insufficient strength of the 
interaction. Inclusion of strong force (gluons) will make 
bound states possible even for one it pair, but with very 
small binding. 

We end up with a discussion of some pertinent ques- 
tions. First, the strong N 3 dependence of energy Eq. ([5|) 



on the number of particles N leaves room for a specula- 
tions of what would happen at larger N > 12, in partic- 
ular for TV — 24 tops, closing 2s state. 

Second, suppose there exist new generations of heavy 
fermions which would allow one to consider larger N, 
or for the matter of argument masses of, say, b quarks 
are changed to that of the top. Another possibility is 
to consider a ball containing W and Z bosons. In this 
case the number of bosons N may be arbitrary large, 
therefore, a simple non-relativistic model based on Eq. 
([5|) would predict a spontaneous creation of additional 
W + , W~ and Z bosons and collapse of the ball. One 
may also consider a mixed fermion-boson ball. 

Simple estimates show that the total binding energy 
(H) in Eq. (O becomes comparable with the total rest 
mass for TV > 50. A correct solution of the problems 
mentioned requires self-consistent relativistic treatment 
for quarks and bosons, including the nonlinearity of the 
Higgs potential: we hope to report related results shortly. 
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[2] One can raise questions related to this strong enhance- 
ment, asking in particular whether an enhancing factor in 



the effective interaction is close to 2, as it follows from 
the 2008 work in [lj (or is it slightly less than that, as 
was alleged previously), but we put them aside, since our 
results show that even with this large factor 2 the Higgs 
boson exchange is not able to justify the binding in the 
multi-top. 



